Abstract. The purpose of the present paper is the development of a physically discrete model for free transverse constrained vibrations of beams. The discrete model consists on an N-degree of freedom system made of masses placed at the end of solid bars connected with spiral springs. The calculations made involve two tensors, namely the mass tensor [m i j ] and the linear rigidity tensor [k i j ]. The results obtained by the physically discrete model show a good agreement and a quick convergence to the equivalent continuous beam for various end conditions for both the natural frequencies and the corresponding mode shapes. The model proposed in the present paper, which has been validated here using classical cases, may be easily applied to the flexural vibration of beams with various types of discontinuities, and to beams carrying concentrated masses.
Introduction
The purpose of the present paper is the development of a physically discrete model for the linear free transverse constrained vibrations of beams. The discrete model consists on an N-degree of freedom system made of concentrated masses placed at the end of solid bars connected with spiral springs. Calculations are made using the mass tensor [m i j ] and the linear rigidity tensor [k i j ]. The results obtained by the physically discrete model show a good agreement and a quick convergence to the equivalent continuous beam for various end conditions and for both the natural frequencies and the corresponding mode shapes. The model proposed in the present paper, which has been validated here using classical cases of beams with fixed ends, may be representative of various continuous beams with a localized nonlinearity, due for example, to a singularity in the mass or the elasticity distributions, and also to beams carrying concentrated masses.
General theory

Presentation
The N-dof system considered in the present work, made of N masses m 1 , ..., m N and N + 2 spiral springs, is shown in Figure 1 . C r being the linear rigidity of the spiral spring, for r = 1 to N + 2, the momentum M r in C r is given by: The linear potential energy stored in the spiral spring i, subjected to the rotations shown in Figure 1 , can be written as:
On the other hand, the elementary bending potential energy in a continuous beam is given by [1] :
In which I is the quadratic moment relative to the neutral fibre of this section, E(Nm −2 ) is the Young's modulus of the material. Using the finite difference technique, one can write:
By substituting equation (3) in equation (2) , one obtains:
The identification between equations (1) and (4) leads to:
C 1 and C N+2 are determined by the type of the constrained end conditions considered.
Calculation of the stiffness matrix coefficients k i j of the discrete system
In order to express the linear rigidity tensor general term k i j as a function of the beam characteristics, we recall the following expressions established in [2] .
k r,r = 1
Then, the coefficients of the stiffness matrix which are not dependent on the beam end conditions may be calculated as follows:
The other coefficients are obtained by symmetry or using the beam end conditions.
General form of the stiffness matrix
3 EI L 3 in the general term k i j of the stiffness matrix for a system with N degrees of freedom leads to: 
The coefficients Q 1 and Q N depend on boundary conditions.
2.5
Values of the stiffness matrix coefficients Q 1 and Q N for various end conditions Table 1 summarizes the values of the coefficients C 1 , C N+2 , Q 1 and Q N that depend on the boundary conditions. Table 1 . : Coefficients of boundary conditions: S/S: Simply Supported beam; C/S: Clamped/Simply supported beam; C/C:
Calculation of the resonance frequency of the discrete system
The eigenvalues of the non-dimensional rigidity matrix [K uvN ] will be computed numerically using Matlab's software to solve the eigenvalue problem :
where {y} is the displacement vector defined by: The resonance frequency corresponding to the i th mode of the discrete system is given by:
in which λ i is the i th eigenvalue corresponding to the mass and rigidity matrices, and ρ is the mass per unit volume of the bar in kg m −3 .
10015-p.2 3 Convergence in the case of a simply supported beam
In the case of an N dof system representing a simply supported beam, the rigidity matrix is given by: The results for N= 5, 10, 20, 30, and 100 are given in Table  2 and compared to the theoretical values of the SS continuous beam using the percentage error p(N) defined as: It can be seen that there is a convergence of the linear frequency of the N-dof discrete system to that of a SS continuous beam when the number of masses N increases. For example, a beam divided to 101 bars gives a relative error on the estimated frequency of 0.008%, 0.03% and 0.07% for the first, second and third mode respectively. Figures 2,   3 and 4 illustrate the convergence of the normalized first, second and third mode shape to that of the SS continuous beam [1] . by: 
[K csN ] is the linear rigidity matrix of a discrete system of N masses and N + 1 bars representing a clamped simply supported beam of length L = (N + 1)l. At the clamped end, the corresponding bar, which is bar n • 1, cannot rotate, and consequently C 1 is infinite, which implies that y 1 = 0. This condition is taken into account numerically by suppressing the first line and first column of [K csN ] and digitalizing the obtained reduced (N − 1) square matrix [K cs(N−1) ] defined by: 
The The results for N = 5, 10, 20, 30, 100 and 1000 are given in Table 3 and compared to the theoretical values of the CS continuous beam showing a good convergence.
Figures 5, 6 and 7 illustrate the convergence of respectively the normalized first, second and third mode shape to that of the continuous beam. 
Convergence in the case of a beam clamped at both sides
In the case of an N-dof system representing a clamped clamped beam, the rigidity matrix [K ccN ] is given by: 
[K ccN ] is the linear rigidity matrix of a discrete system of N masses and N + 1 bars representing a clamped clamped beam of length L = (N + 1)l. At the clamped ends, the corresponding bars, which are bars n • 1 and n • (N +1), can not rotate, and consequently C 1 and C N+2 are infinite, which implies that y 1 = 0 and y N =0. These two conditions are taken into account numerically by suppressing the first and the last lines and the first and the last columns of [K ccN ] and diagonalizing the obtained reduced (N − 2) square matrix [K cc(N−2) ] defined by: 
The eigenvalues of the matrix [K cc(N−2) ] have been computed numerically using Matlab's software. The values obtained have been then compared to the non-dimensional natural frequencies ω It can be seen that there is a convergence of the linear frequency to that of a continuous beam when the number of masses N increases. For example, a beam divided to 101 bars gives a relative error of 2%. Figures 8, 9 and 10 illustrate the convergence of the normalized first, second and third mode shape of the discrete system to that of the continuous beam. On the other hand, identification procedures may be easily implemented using the present model in order to estimate the stiffness of the real boundaries of a tested beam using experimental data. However, one must be cautious with respect to the limits of validity of the model that may not be appropriate to characterize junctions with a structural complexity. Previous studies have shown in such cases many difficulties in comparing theoretical models with experimental results [3, 4] .
